ON THE MONOTONICITY OF POSITIVE INVARIANT 
HARMONIC FUNCTIONS IN THE UNIT BALL 



YIFEI PAN AND MEI WANG 



Abstract. A monotonicity property of Harnack inequality is proved for pos- 
itive invariant harmonic functions in the unit ball. 



1. Introduction 

Let 5" = {x G M" : |x| < 1}, n > 2 be the open unit ball in M". S"-! = 95". 
Consider the differential operator 

In this paper, we prove a monotonicity property of invariant harmonic functions 
that are solutions of Axu = and are defined by positive Borel measures on the 
sphere with respect to the Poisson kernel Px (see below). 

This section describes the theorems and their corollaries. The proofs are pro- 
vided in the next two sections. 

Theorem 1.1. Let u be a positive invariant harmonic function defined in i?" by 
a positive Borel measure fi on with the Poisson kernel Px- For G if 

A > (if ^ < ~§); the function 

(1 _ 

is decreasing (increasing) for < r < 1, and the function 

is increasing (decreasing) for < r < 1. Also 

'2i+2V({C}), A>-§ 



lim(l -r)""iu(rC) 



OO, A < ^i{{cr) > 

2i+2A^({c}), A < -f , ^({cn = 



and 

;^"i(i_r)i+2A -y^^.i ic-ei 



ujrQ f 2^+2^ ^ 
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Remarks. 

(1) Invariant harmonic functions are the solutions of Axu = 0. These solutions 
also satisfy certain invariance property with respect to Mobius transforma- 
tion. Invariant harmonic functions generally do not possess good boundary 
regularity, as shown in Liu and Peng 

(2) Let be a positive Borel measure on ^""^ and Px be the Poisson kernel 

(1 - 

It is known that the integral 

u{x)= [ Px{x,Odfi{C) 

defines an invariant harmonic function in i?" ([T], p. 119). 

(3) On the completion of the current work, we learned that the limit cases for 
n = 2, A = in Theorem 1.1 were obtained by Simon and Wolff ([7], ref. 
Chapter 10, p. 546 in [6]). 

(4) The critical value ^ = yields the degenerate case with the constant 
Poisson kernel. 

The following theorem characterizes the behavior of invariant harmonic func- 
tions on the rays. 

Theorem 1.2. Let u be a positive invariant harmonic function defined in by 
a positive Borel measure ^ on S'^^^ with the Poisson kernel Px- Let € S'^^^ and 
< r' < r < 1. 

//A<-f, 

^ ' ^ n{r'C)<u{rO< ^) ^ n{r'C) 



1+r'J \l — r J \l—r'J \l+r 
For r' = 0, the above becomes 

n _ ^U+2A (1 , \1+2X 

for A > — ^, and 



n I „U+2A (-1 _ \l+2\ 



for A < 



2 • 
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Remark. Case A = is the classical Harnack Inequality in B"^. 
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Corollary 1.3. Let U be the potential function defined in by a positive Borel 
measure fi on S'^"^ as follows: 

For C e A > -f (ifX < -f ), the function 

(1 _ r)"+2^[/(rC) 
is decreasing ( increasing ) for < r < 1 . 

In Theorem 1.1, A = § — 1 corresponds to the Laplace-Beltrami operator A„/2-i 
and the Poincare metric. It is known([2]) that given a positive invariant harmonic 
function (solutions of A„/2-i^ = 0)) there exists a positive Borel measure on 
5'"-\ such that 



u{x) = P„/2-iix,C)dfiiC) 

In this case the monotonicity property in Theorem 1.1 implies the following corol- 
lary. 



Corollary 1.4. Let u be a positive solution of An/2-i'u = in B^. Then 

u{r(^) decreasing in r, 



1 \ n— 1 

1 — r 



1 + r 

-I I \ n—l 

1 u[r(,) increasing m r. 



Corollary 1.5. Let u be a positive harmonic function with respect to the Laplace 
operator (\ = {)) defined in B^ by a positive Borel measure fi on S^~^ with the 
Poisson Kernel Pq. For C, G S"""^, < r < 1, the function 

(1 -r)"-i 



is decreasing and the function 



is increasing. In addition, 



1 + r 

(l + r)"-i 
1 — r 



u{rC,) 
u{rC,) 



lim(l-rr-M<)=2M{C}), 

r— >1 
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Corollary 1.5 is the same as a result in [1]. 



Corollary 1.6. Let B"'(R) be the open ball of radius R. Let u{z) be an invariant 
harmonic function in B^[R) (a.k.a u{Rz) is invariant harmonic in B^) defined by 
the Poisson kernel P\{^,C)- For ( G S^~-^ , if \ > (if X < -^), the function 

is decreasing (increasing) and the function 

1 (i? + r)"-i 

Rn-2-2X _ ^)1+2A ' 

is increasing (decreasing) in r for < r < R. The case A = gives the mono- 
tonicity of functions 

R-rY'^'^R-r fR + r\'^~'^R + r 
n(rC) and —— — 



u{rC) 



R J R + r ^ ^' \ R J R 

which implies that, Vx G B'^{r),0 < r < R, 

R y'^R-r / R Y~'^R + r 



R + rJ R + r ^'-\R-rJ R 

— the classical Harnack Inequality. 

Corollary 1.7. Let u be a positive invariant harmonic function defined in B^ by a 
positive Borel measure /x on S"~~^ with the Poisson kernel P\. Let < r' < r < 1. 

If>^>-^, 

maxn(x) < — — _,\-\4.2\ u{x) 

\x\=r ' " 



IfX< 



2 ' 



(1-r 


jn— 1 


(1 + r) 


1+2A 


(1+r 


^n— 1 


(1-r) 


1+2A 


(1+r 


jn— 1 


(1-r) 


1+2A 


(1-r 


^n— 1 



min u(x) > , , ^, min u(x) 

\x\=r 



(1 _ r' 


^n— 1 


(1 + r') 


,1+2A 


(1+r': 


^n— 1 


(1 - r') 


,1+2A 


(1+r'; 


^n— 1 


(1 - r') 


,1+2A 


(1 - r': 





maxn(x) < j^j^ max u{x) 

\x\=r 

min u{x) > j ,\t4.2\ ™™ ^(^) 



(l+r)i+2A \x\=r ' ' - (l + r')i+2^ \x 



Similar results are obtained in complex space C". Let 

(1 — lzPl"+2" 
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be the Poisson-Szego kernel for the operator 
= 4(1 - \z\^) < 



Q'i d d 



J J J ^ J J J 



with 01 = fi^ where z ■ C, = Yll^=i ^iCi- Define 

uiz) = [ Paiz,C)dliiO, aeR. 

Theorem 1.8. Let u be a positive invariant harmonic function defined in the unit 
hall 5" C C"' by a positive Borel measure ji on = dB"^ with the Poisson-Szego 
kernel. Given C, G S'^~^ , if a > —n (if a < —n), the function 

(1 - rT 



is decreasing (increasing) for < r < 1, and the function 

is increasing (decreasing) for < r < 1. Also 

{2"+^"/^({C}), a> -n 
oo, a< -n, niiCY) > 

2"+'X{C}), a<-n, M{Cr) = 



and 



r->l (1 - r)"+2« 75„-i |( - ry|2n+2a 



d//(?7). 



The following theorem describes invariant harmonic functions on the rays. 

Theorem 1.9. Let u be a positive invariant harmonic function defined in the 
unit ball i?" C C" by a positive Borel measure ji on S'"'~^ with the Poisson-Szego 
kernel. Let Q G S""^ and < r' < r < 1. 

if a > —n, 
If a < —n, 

/1+r \ /I— r \ , ,., , /I— r\ /1+r ^ 
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For r' = 0, the above becomes 

fl _ j,)n+2a (-1 I \n+2a 

\, \ u(0) < u{rO < \7 \ u{0) 

(1 + r)" V y - V _ _^)n V ; 

/or a > —n, and 

(1 -r)" V y - V - ^1 _^^)n V 7 

/or a < —n. 



2. Proofs of Theorem 1.1 and its corollaries 

We need the foUowing two lemmas for the proof of Theorem 1.1. 

Lemma 2.1. Let x G W, \x\ =r, (e 5"-^ 
//A > -§ then 

(n+2A-(n-2A-2)r)(l-r^)'^ (l-r')i+^^ (n+2A+(n-2A-2)r)(l-r7^ 

^ ■ |a;-Cf*+2^ -ar|a;-C|"+^^~ |a; - (1"+^^ 
// A < -f , then 

(n+2A+(-n.-2A-2)r)(l-r^)^^ 5 (1_,.2)1+2A (^+2A-(n-2A-2)r)(l-r^f ^ 

y ■ ) |a;_(^^+2A -Qr |a;-C|"+2^" |a; - (1"+^^ 

Proof. Write x = \x\rj = rr], f] • C = Y17=i ''lid- 

— \x- CI' = - 2rr? • C + 1) = 2(r - ?7 • C), 



then 



n + 2A,, 12-. "+^^ 1 ^ I 

(n + 2A) |x-Cr+'"-' (r--r?-C), 



and 



\x- C|"+2^ 

_(1 + 2A)(1 - r2)2^(-2r)|x - Cl"+'^ - (1 - r^Y+^^^\x - (1"+'^ 
- la; - CP(»+2^) 

_ -2(l + 2A)(l-r2)2^r|a;-Cr+^^ -{l-r''f+^>'{n + 2A)|a; - Cr+^^~^(r-7? • Q 

~ 1^: - (^|2(ri+2A) 

_ -2(l + 2A)(1 - r''f\\x - CI' - (1 - r^Y+^^{n + 2A)(r - r? ■ Q 

~ j-j _ ^|n+2A+2 
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To prove the right side inequahty in ()2.ip . it suffices to show 
-2(l + 2A)r|x-Cp-(l-r2)(n + 2A)(r-T?-C) < (n + 2A + (n - 2A - 2)r)|x - Cp, 
which is equivalent to 

-(n + 2A)(1 - r2)(r -vC) <{n + 2A)(1 + r)\x - C|^. 
For A > — ^, the above becomes 

-^l - r^)(r - 7j ■ < (l + r)|x-CP, 

or 

-(1 - r)(r - r/ • C) < - 2?? • C + 1, 
which, after a simple simplification, is equivalent to 

7?-C< 1 

The inequality is true since C)^ ^ S^~^. To prove the left side inequality in (|2.ip . 
it suffices to show (using the result of (|2.3p ) 

-2(l + 2A)r|2;-Cp-(l-r2)(n + 2A)(r-r?-C) > -(n + 2A- (n-2A-2)r)|x-CP, 
which is equivalent to 

(n + 2A)(1 - r^){r - r/ • C) < (n + 2A)(1 - r)\x - Cp. 
For A > — ^, the inequality is equivalent to 

(^l - r^)^r - IT C) < (l-r)lx-CP, 
which is, after a simplification, 

-r]-C<l, 

true since C^V ^ S^~^. The proof of (j2.2p for A < is parallel. This completes 
the proof of Lemma 2.1. I 



Lemma 2.2. Let u be a positive invariant harmonic function in B" defined by a 
positive Borel measure on S^^^ with the Poisson kernel. 



2 ' 



(2.4) -(- + ^^-^---/^-^>)n(x) < ^ < (!i±^A±(!^^A^,(,). 
//A<-§, 

^o^N (ra + 2A + (n - 2A - 2)r) . . du{x) ^ (n + 2A - (n - 2A - 2)r) 
(2-5) Y~;r2 ^(^) ^ ^ f372 
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Proof. By the Poisson integral representation of u in B 

r (1 - |x|2)i+2A 
Is 



for a positive Borel measure fi. By (j2.1|) in Lemma 2.1 and ^ being a positive 
measure, 

a /(l-|x|2)i+2A\ /• (^ + 2A + (n-2A-2)r)(l-r2)2A 

. 5^ V ix-ci"+^A J '^Mo < 1. - ch+2A ^MC) 

_ (n + 2A + (n-2A-2)r) /" (1 - |x|2)i+2-^ 



1 - r2 Jg„^i \x - C|"+2^ 

(n + 2A + (n - 2A - 2)r) 



l-r2 



MX 



when A > — ^. It follows that 



5u(x) f d /(I- |xl2)i+2^\ , (n + 2A + (n-2A-2)r) , , 

|^-^|n+2A )MC)< 



dr Js"-^ dr 

The left side inequality in (j2.4p can be proved in the same manner. For the equality 

(1 _ |x|2)l+2A 

case, consider Uy{x) = u{x,y) = — \n+2X '^^i^h is invariant harmonic in 

|x ~ y\ 

\ {y} for y € S^~^. A simple calculation shows that the equalities hold for 
Uy{x) when x = \x\y and x = —\x\y respectively. The proof of (12. Sh is similar. 
This completes the proof of Lemma 2.2. I 



Now we prove Theorem 1.1. 

Proof. Consider tpir) = — . and ^(r) = — , for < r < 1. 

if' _ (n + 2A + (n - 2A - 2)r) 
if 1 — r2 ' 

_ (n + 2A - (n - 2A - 2)r) 
ip 1 — r2 

Given oj e consider 

I{r.,uj) = (p{r)u{rLo), 
J(r, u) = ^/;(r)n(ra;). 

To show Theorem 1.1, it suffices to show that I{r,uj) is decreasing (increasing) 
and J{r,uj) is increasing (decreasing) in r for < r < 1 when A > — ^ (when 
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A < -f ). By ([231) in Lemma 2.2, for A > -f , 
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— log! r,a; = ^ + ^ 
dr if u 



< 



(n + 2A + (n - 2A - 2)r) < 
1 — u 
(n + 2A + (n - 2A - 2)r) (n + 2A + (n - 2A - 2)r) 



0. 



Therefore log/(r, u;) is decreasing in r, and so is I{r,uj). Similarly, 



— logJr,w =^ + ^ 
ar ip u 

_ (n + 2A - (n - 2A - 2)r) _^ < 



> 



1 — tt 
(n + 2A - (n - 2A - 2)r) (n + 2A - (n - 2A - 2)r) 



0. 



Hence, J{r,uj) is increasing in r. For A > — ^ and y & ^, 

(l-r)"-! ,^ , (l-r)"-i (1- |r|2)i+2^ 



lim 



1- (i-rr+^. ... . Ji, C = y 



by applying the monotonicity properties in Theorem 1.1 to u = Pa- By Lebesgue's 
dominated convergence theorem. 



lim(l -r)"-^n(rC) = lim(l - r)""^ /" Px{rC,OMO 

= lim(l+r)i+2A /■ i^J}^lIllp^^rC,Odm 
= 2l+2A^({^}). 
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:i + r)"-i (1 + r)" +^^ 

(1 _r)l+2A^MK,yj - |^^_^| 

Lebesgue's monotone convergence theorem 



Similarly, y:j ZaT+2X ' /- _ (:\n+2\ increasing in r for A > — |. By 



u(rO 1 f 



lim- -— / lim ,\ M^9x ^AK,g)rf/^(0 

If (1 + r)"+2A 



171—1 



1+2A 



- ic-ei 

For A < — ^, the monotonicity of /(r, uj) and J(r, cj) is proved similarly to the case 
A > -| using (f23]) instead of ([2^ in Lemma 2.2. 

,. (1-rf-l ^ ^ ^ |^^_^|-(n+2A) 
nm M , ^x(rC,y) = lim ^ — -, — -r^ / < 

" l(l+r)l+2A AV _ ^)-(n+2A) / 



r 



when A < — ^. Therefore, 

lim(l -rr-MO = hm(l+r)i+2M lim ; .^^^A K, g WO 

loo, i//x({cn>o. 



(l_,)i+2A ^A(rC,y) = ^:^ 
Lebesgue's monotone convergence theorem 



Similarly, --:-^^Px{rC,y) = ^ _ t\n+2\ '^^ decreasing in r for A < By 



uirC,) 1 [ 
lim— -— "Y = lim-- -t-jtt- / Px{rC,(,)dfj.{C) 

r^l(l-r)l+2A r^l (1 - r)l+2A 



1 r n+^)ri-i 

;^^i (TTTr^ y,„,^^^i"i (l-r)i+2A -PAK,e)^M0 

/ hm iV i+2A ^^(0 



)n— 1 



1+2A 



-1 IC-CI"+^^ 

This completes the proof of Theorem 1.1. 



The proof of Corollary 1.2 is straightforward and is omitted. The proof of 
Corollary 1.3 follows. 
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Proof. 



(1 _ 

= (l+,)l+2A ^K) 

which is decreasing (increasing) in r for A> — ^ ('^< ~§) by Theorem 1.1. This 
completes the proof of Corollary 1.3. I 

Corollaries 1.4 and 1.5 are special cases of Theorem 1.1. Corollary 1.6 is a 
straightforward generalization from to B"'{R). The following is the proof of 
Corollary 1.7. 

Proof. < r' < r < 1. By the maximum principle, there is € S"'~^ such that 
u{rC) = max|a;|=^?x(x). 

If A > — ^, Theorem 1.1 implies 

(1 - rr~^ (1-rf-i 

maxn(a;) = y— — ^rz^u{rQ 



(l + r)i+2A 1^1=^ ^ ^ (l + r)i+2A 

Similarly, there is ^ G S'""^ such that u{r$,) = min|3,|=r 'u(x). When A > — ^, 
Theorem 1.1 yields 

, , mm uix) = TTTTrrUi'fc) 

(1 - r)i+2^ |x|=r ^ ^ (1 - r)i+2^ ^ 

n_l_/')?i-i n _|_ /'jTi-i 

The proof for A < — § is parallel. This completes the proof of Corollary 1.7. 



3. Proof of Theorem 1.8 

In the following, denotes the unit ball in and 5"""^ = dB^ the sphere. 
We need the following three lemmas for the proof of Theorem 1.8. 

Lemma 3.1. //a G C, |o| < 1, then for < r < 1, 

(3.1) 1 + r|a|2 > (1 + r)Re(a) 

(3.2) l-r|a|2 > (-l + r)Re(a) 
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Proof. \a\ < 1, so —1 < —\a\ < Re(a) < |a[ < 1 and Re(a)^ < |ap. 

If |ap > Re(a), then 1 + r\a\^ > Re(a) + rRe(a) so ([XT]) holds. 

If |ap < Re(a), consider /(r) = l+r|ap - (l+r)Re(a), /'(r) = jap-Re(a) < 0. 
So /(r) decreases in r G [0, 1]. /(I) = 1 + |ap - 2Re(o) > 1 + Re(a)2 - 2Re(a) = 
(1 - i?e(a))2 > 0. So /(r) > and ([31]) holds. 

For the second inequality, 1+Re(a) > |ap+Re(a) > r|ap+rRe(a), so 1— r|ap > 
(-1 + r)Re(a) and holds. I 

Lemma 3.2. Let z € B", \z\ = r, ( e 5""^ 
If a > —n then 

(2n+2a + 2ar)(l-r2)"+2"-i d{l-r^Y+^°' (2n+2a-2ar)(l-r2)"+2°^i 
^ ■ |l-z-C|"+2" "5^|l-z-Cp"+2" " |l-z-C|"+2" 
If a < —n, then 

(2n + 2a-2ar)(l-r2)"+2"-i 9 (1 - (2n + 2a + 2ar)(l-r2)«+2"-i 
(^■"^^ |l-z.C|"+2" -a^|l-z-Cp"+2"- |l-z-C|"+2" 

Proof. Let z = jzlr/ = rry. 

|-|1 - z • CP = |:(1 - 2rRe(r? • C) + r^jr? • CP) = 2(r|r? • CP - Re(r/ • C)), 



and 



|:ii--cr^^" = |:(ii--cpr'^ 



= (n + a)|(l-z.Cpr+"-i|-|l-z.C|' 

= 2(n + q)|1 - z • Cp"+^"~^(r|r/ • - Re(7? • C))- 

We have 

d (1 - r2)"+2" _ (n + 2a)(l - r2)«+2"-i(-2r)|l - z ■ (|2«+2« 



9r |l - z • C|2"+2" |l-z-C|4»+4a 



(l-r2)"+2"|-|l-z.C|2"+2" 



|1 - Z • C|4"+4" 

_ -2(n + 2a)(l - r2)"+2"-ir|l - z ■ (^|2«+2a 

(3.5) , ' _ 

|1 - z • C|''"+'^" 
-2(n + 2a)(l - r2)«+2"-ir|l - z ■ 



|1 — Z • ^|2ri+2a+2 

(1 - r2)"+2"2(n + a){r\ri ■ - Re{r] ■ ()) 



\l — Z ■ ^|2n+2Q+2 
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To prove the right side inequahty of (13. 31) . it suffices to prove 

-2(n+2a)r|l-z-Cp-(l-r2)(2n+2a)(r|r/-Cp-Re(r/-C)) < (2n+2a-2ar)|l-z-Cp 

which is equivalent to 

-(1 - r^)2{n + a){r\T] ■ - Re(?? ■())< 2{n + a){l + r)\l - z ■ Cp. 

For a > —n, the above inequahty is equivalent to 

-(1 - r)((r[r/ • ([^ - Re{r] • C)) < |1 - ' 

which is, after a simple simplification, 

(1 +r)Re(r/ • C) < l+r\7]-Cf. 

The inequality is true by (j3.ip in Lemma 3.1. To prove the left side inequality of 
(13.31). it suffices to show 



-2(n+2a)r|l-z-Cp-(l-r2)(2n+2a)(r|r/-Cp-Re(?7-C)) > -{2n+2a+2ar)\l-z-C\'^ 

which is equivalent to 

-(1 - r^)2{n + a){r\ri ■ - Re(r/ • C)) > -2(n + a)(l - r)|l - z • CP- 

For a > —n, the above inequality becomes 

(1 + r){{r\rj ■ - Re(r/ ■())< \1 - z -(l^ 

which is, after a simple simplification, 

(-1 + r)Re(77 • < 1 - r\r]-C\'^. 

The inequality is true by (j3.2|) in Lemma 3.1. The proof of (|3.4|) is parallel to that 
of (j3.3p . using the same inequalities in Lemma 3.1. This completes the proof of 
Lemma 3.2. I 



Lemma 3.3. Let u{z) be a positive invariant harmonic function in defined by 
a positive Borel measure on with the Poisson-Szego kernel, \z\ = r. 

If a > —n, 

,^ (2n + 2a + 2ar) . , ^ du{z) ^ (2n + 2a - 2ar) . . 
(3-6) 2 '"(^) - -7r~ - ^ 2 ^(^)- 

If a < —n, 

,^ {2n + 2a- 2ar) . . ^ du{z) ^ (2n + 2a + 2ar) , , 

(3-^) — r^72 — ^(^) ^ -Q^ ^ f372 — 



Proof. By the Poisson-Szego integral representation of u in B^' 

"'-)=t_. iL..?iU. '"-(c) 
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for a positive Borel measure /x on S^~^. By ()3.3p in Lemma 3.2 and /i being a 
positive measure, 

(n + 2a-2ar) f (1 - |z|2)"+2« , 
1 |i - z • — 

2 ^^(2;) 



(n + 2a - 2ar) 



1 - r 

when a > — n. It follows that 



du(z) f d / (1 - \ (n + 2a-2ar) , , 



dr y^n-i 9r V|l - z • CP"+^"/ '^^^ ' ~ 1 - 
The left side inequality in (j3.6|) is proved similarly. For the equality case, consider 

Uw^z) = Pci-(z, tt;) = -j \2n+2a ' ''^^ ^® known that is invariant harmonic 



in C" \ {w} for w G S^~^. A simple calculation shows that the equalities in (|3.6p 
hold for u^(z) when z = \z\w and z = — |z|^« respectively. The proof of (|3.7p is 
parallel to that of (j3.6p . using (j3.4p instead of (j3.3p in Lemma 3.2. This completes 
the proof of Lemma 3.3. I 

Now we prove Theorem 1.8. 

(1 - r)" (l+r)" 
Proof. Consider tpir) = — -7^, ih(r) = — -7r- for < r < 1. 

ip' _ 2n + 2a- 2ar 
(fi 1 — r2 ' 

■0' _ 2n + 2a + 2ar 
ip 1 — r2 

Given to G S"~^, consider 

I{r,uj) = (p{r)u{rui), 

J(r, u) = ■ilj{r)u{ruj). 

To show Theorem 1.8, it suffices to show that I{r,ij) is decreasing (increasing) 
and J{r,u}) is increasing (decreasing) in r when a > —n (when a < —n). By (|3.6p 
in Lemma 3.3, when a > —re, 

— logI{r,uj) = ^ + ^ 
or (p u 

2n + 2a — 2ar u' 

= \ 2 + — 

^ 2re + 2a - 2Qr 2n + 2a - 2ar 
— 1 — 1 — 

= 0. 
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Therefore log/(r, w) is decreasing in r, and so is I{r,uj). Similarly, 

d , ^, X i>' u'r 
— log J r,a; = — + — 
or tp u 

2n + 2a + 2ar u' 

= \ 2 + — 

1 — u 

^ 2n + 2a + 2ar 2n + 2a + 2ar 
= 0. 

Hence, J(r, u) is increasing in r. For a > —n and Ci'^^ G S"*^"^, 

lim , ^ /i, PairCw) = lim ^ ^ ^ ''^ 



I _ ^^2?i+2a 

i |1 — • I(7| 



by applying the monotonicity results in Theorem 1.8 to u = Pa- By Lebesgue's 
dominated convergence theorem, 

lim(l -r)"M(rC) = lim(l - r)'' /" P^irCOMO 

= lim(l + rr+2" /■ li^ (iz^p,(^c,^)rf^(^) 



(l + r)" (1 + rf n+2a 

(l_^)n+2a^"^^^'^i |l-rC-Zl;| 

By Lebesgue's monotone convergence theorem, 



Similarly, — -^Pn(rC,w) = : — -tt- is increasing in r for a > —n. 



1 /■ (1 + rr 

lim- / lim , ^ , ' PjrCOMC) 

— / lim ^ ^ 

nn+2a 



For a < —n, the monotonicity of /(r, w) and J(r, a;) is proved similarly by applying 
()3.7p in Lemma 3.3. 

(1-r)" p ^ ^ |1 _r^.^j[--(2n+2a) ^ 

^™l(l + r)n+2a^"K,^«)-iim (1 _ ^)-(2n+2a) / | ^O, C / 
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when a < —n. Therefore, 

hm(l-r)M<) = lim(l+rr+2«/ lim ./il" +2, i^aK, 0^/^(0 
r— >1 r-*l J gn-i r-*l [L + r)"'^ "' 

f2"+2";x({C}), if Kim = 0; 
\oo, z//x({Cn>0. 

(1 + r)" (1 + r)2'^+^°= 
Similarly, 7 r — r^PairC, w) = — ^ ,„ , „ is decreasing in r for a < — n. 

By Lebesgue's monotone convergence theorem, 

u(rO 1 f 
lim 7- — -75— = lim 7:; r — -75— / Pa(rC, f 



1 /■ (1 + r)" 

= lim- / lim , ' PjrCOMO 



_L / lim ^^^'L dnia 

2" y5n-ir-^i|l-rC-CI 



/ 



This completes the proof of Theorem 1.8. I 

Remark. Notice that the monotonicity of the auxiliary functions (f and ^ in the 
proofs of Theorem 1.1 and Theorem 1.8 may vary depending on the values of the 
parameter A (or a) and the dimension n. When A>— ^ (ora> — n), we have 
(f' < and ijj' > 0, i.e. (p increases and ijj decreases in r for < r < 1. For A < — ^ 
(or a < — n), the monotonicity does not necessarily hold. For example, in the real 
case in Theorem 1.1, for A < — |, 

{/ -2A - n 
" n -2A + (n - 2) 
V-2A + (n-2)'' 

i.e. the monotonicity may change for certain combinations of n and A. However, 
the monotonicity of (p{r)u{rQ and ip{r)u{rQ holds. 



4. Proofs of Theorem 1.2 and Theorem 1.9 
The proofs for the two theorems are based on the following lemma. 
Lemma 4.1. Let f{r) be a positive function on r € [0, 1). If for a, 6 G M, 
(4-1) - 1372/(0 < fir) < j3^/(r), 
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then for < r' < r < 1, 



_ b-\-a „ b — a 

.2\ — /I 1 ^\ a /I ^2 \ — 



Proof. 

/Q^ \_ 
Trdr = alnfl + r) + -(6- a)ln(l - r^) + C 
1 — 2 

Thus for < r' < r" < 1, by (fOl . 



i.e. the right side inequahty in (j4.2p holds. Similarly, by the left side of (|4.ip . 



ln/(r") - ln/(r') > / > In 



r' 



i.e. the left side inequality in (|4.2p holds. I 
Now we prove Theorem 1.2. 

Proof. If A > -|, 'u(rC) satisfies (|2.4p in Lemma 2.2. Therefore ()4.ip holds with 
/(r) = n(rC), a = n + 2A, 5 = -n + 2A + 2. Let < r' < r < 1. (g^I) in Lemma 
4.1 implies 

1 , \ -n-2A 2\2A+1 / . , \ n+2A /, 2 \ ""+1 



1+r' J \l-r'2 



If A < -f , u(rC) satisfies ([22]) in Lemma 2.2, thus (fO) holds with /(r) = 
'u(rC), a = -n - 2A, 6 = -n + 2A + 2. Applying (142]) . 

This completes the proof of Theorem 1.2. I 
The proof of Theorem 1.9 is similar to that of Theorem 1.2. 

Proof. If a > — n, u{r() satisfies ()3.6p in Lemma 3.3. Therefore (j4.ip holds with 
/(r) = u(rC), a = 2n + 2a, 6 = 2a. Let < r' < r < 1. ([O]) in Lemma 4.1 
implies 
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If a < — n, u{r() satisfies (13 .jp in Lemma 3.3, thus ()4.ip holds with /(r) = 
u{rC), a = -2n -2a, b = 2a. From (f42]) . 

This completes the proof of Theorem 1.9. I 

Most results in this paper are on the function values at two points in on the 
same ray. Similar results can be obtained for any two points in ([S]). 
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